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In the Semi-Riemannian case we do not have the liability of the existence of 
such a metric being a difference from the Riemannian case. 
Definition Let M=M2n+1 a connected Semi-Riemannian manifold and ϕ, ξ, η 
tensorial fields on M of types (1,1), (1,0) and (0,1) respectively. We say that (ϕ,ξ,η) 
define an almost contact structure on M if: 
(1)    ϕ2Y=-Y+η(Y)ξ ∀Y∈X (M) 
(2)         η(ξ)=1 
 In these conditions we have the relations: 
(3)         η(ϕY)=0 ∀Y∈X  (M) 
(4)          ϕξ=0 
 We define the contact distribution like D={Y∈X (M)η(Y)=0}. 
Definition A metric g on M for which: 
(5)   g(ϕX,ϕY)=g(X,Y)-εη(X)η(Y) ∀X,Y∈X  (M) 
where ε∈{-1,1} is called compatible metric with the almost contact structure. 
 In the Semi-Riemannian case we do not have the liability of the existence of 
such a metric being a difference from the Riemannian case. 
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Definition If on a Semi-Riemannian manifold M2n+1 we have an almost contact 
structure (ϕ,ξ,η) and a compatible metric with the structure we shall say that 
(ϕ,ξ,η,g) define an almost contact metric structure. 
 For Y=ξ in (1) we have with (2) and (4): 
(6)          g(X,ξ)=εη(X) ∀X∈X (M) 
and if in (6) Y=ξ: 
(7)      g(ξ,ξ)=ε 
Remark If we shall consider in the upper g'=-g, ξ'=-ξ, η'=-η and ϕ'=ϕ we have 
together with ε'=-ε also an almost contact metric structure. We can further suppose 
that ε=1. 
Definition:  Let M=M2n+1 a connected Semi-Riemannian manifold provided with an 
almost contact metric structure (ϕ,ξ,η,g). We shall say that the structure is contact 
metric if: 
(8)    (dη)(X,Y)=g(ϕX,Y) ∀X,Y∈X  (M) 
Definition: An almost contact metric structure (ϕ,ξ,η,g) is normal if: 
(9)                 (∇Xϕ)Y= g(X,Y)ξ-η(Y)X ∀X,Y∈X  (M) 
where ∇ is the Levi-Civita connection for the metric g. 
Definition A Semi-Riemannian manifold provided with a normal contact metric 
structure is called Sasakian manifold. 
 On a Sasakian manifold the following relations hold: 
(10)     ∇Xξ=-ϕX ∀X∈X  (M) 
(11)   N1(X,Y)=Nϕ(X,Y)+2dη(X,Y)ξ=0 ∀X,Y∈X  (M) 
(12)      N2(X,Y)=(LϕXη)Y-(LϕYη)X=0 ∀X,Y∈X  (M) 
(13)    N3(X)=(Lξϕ)X=0 ∀X∈X  (M) 
(14)    N4(X)=(Lξη)X=0 ∀X∈X  (M) 
where Nϕ(X,Y)=[ϕX,ϕY]-ϕ[ϕX,Y]-ϕ[X,ϕY]+ϕ2[X,Y]. 
Let now a ϕ-basis of TM that is an orthonormal basis of the form: {ξ, 
Y1,...,Yn,ϕY1,...,ϕYn} where Yi∈D, i=1,...,n. We denote by 
εi=g(Yi,Yi)=g(ϕYi,ϕYi), i=1,...,n. 
 We define now the 1-differential forms: 
(15)    ωi(Z)=g(Yi,Z) ∀Z∈X  (M) ∀i=1,...,n 
and from (15) we have: 
(16)          g(ϕYi,Z)=-ωi(ϕZ) ∀Z∈X  (M) ∀i=1,...,n 
 Let now two arbitrary vector fields: 
(17)   X=η(X)ξ+ ∑∑
==
ϕϕωε−ωε
n
1i
iii
n
1i
iii Y)X(Y)X(  
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(18)   Z=η(Z)ξ+ ∑∑
==
ϕϕωε−ωε
n
1j
jjj
n
1j
jjj Y)Z(Y)Z(  
We have now: 
(19) [X,Z]={η(X)∇ξη(Z)-η(Z)∇ξη(X)+∑
=
η∇ωε
n
1j
Yjj )Z()X( j - 
∑
=
η∇ωε
n
1j
Yjj )X()Z( j +∑
=
ϕ η∇ϕωε
n
1j
Yjj )X()Z( j -∑
=
ϕ η∇ϕωε
n
1j
Yjj )Z()X( j }ξ+ 
∑
=
ε
n
1j
j {η(X)∇ξωj(Z)-η(Z)∇ξωj(X)+∑
=
ω∇ωε
n
1i
jYii )Z()X( i -
∑
=
ω∇ωε
n
1i
jYii )X()Z( i +∑
=
ϕ ω∇ϕωε
n
1i
jYii )X()Z( i -
∑
=
ϕ ω∇ϕωε
n
1i
jYii )Z()X( i }Yj+∑
=
ε
n
1j
j {η(Z)∇ξωj(ϕZ)-η(X)∇ξωj(ϕZ)+∑
=
ϕω∇ωε
n
1i
jYii )X()Z( i -
∑
=
ϕω∇ωε
n
1i
jYii )Z()X( i + ∑
=
ϕ ϕω∇ϕωε
n
1i
jYii )Z()X( i -∑
=
ϕ ϕω∇ϕωε
n
1i
jYii )X()Z( i }ϕYj+ 
∑
=
ε
n
1j
j {η(X)ωj(Z)-η(Z)ωj(X)}[ξ,Yj]+∑
=
ε
n
1j
j {η(Z)ωj(ϕX)-η(X)ωj(ϕZ)}[ξ,ϕYj]-
∑
=
εε
n
1j,i
ji ωi(Z)ωj(X)[Yi,Yj]+∑
=
εε
n
1j,i
ji {ωi(Z)ωj(ϕX)-ωi(X)ωj(ϕZ)}[Yi,ϕYj]-
∑
=
εε
n
1j,i
ji ωi(ϕZ)ωj(ϕX)[ϕYi,ϕYj]. 
 If we define now: 
(20)    Zj=ωj(Z)X-ωj(X)Z ∀j=1,...,n 
(21)          Wj=ωj(ϕZ)X-ωj(ϕX)Z ∀j=1,...,n 
(22)            T=η(X)Z-η(Z)X 
we obtain: 
(23) [X,Z]=(div Z)X-(div X)Z-{div T-2∑
=
ωε
n
1j
jjj )W( }ξ+∑
=
ε
n
1j
jjj Y) Zdiv( - 
∑
=
ϕε
n
1j
jjj Y) Wdiv( +∑
=
ηε
n
1j
jj )Z( [ξ,Yj]-∑
=
ηε
n
1j
jj )W( ϕ[ξ,Yj]-∑
=
εε
n
1j,i
ji ωj(Wi)[ϕYi,Yj]- 
∑
<
=
εε
n
ji
1j,i
ji ωj(ϕWi)ϕ[ϕYi,Yj]+∑
>
=
εε
n
ji
1j,i
ji ωi(ϕWj)ϕ[ϕYi,Yj]+∑
<
=
εε
n
ji
1j,i
ji {ωi(Zj)-ωj(ϕWi)}[Yi,Yj]. 
 In order that the two vector fields define a foliation we must have: 
(24) -{div T-2∑
=
ωε
n
1j
jjj )W( }ξ+∑
=
ε
n
1j
jjj Y) Zdiv( -∑
=
ϕε
n
1j
jjj Y) Wdiv( + 
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∑
=
ηε
n
1j
jj )Z( [ξ,Yj]-∑
=
ηε
n
1j
jj )W( ϕ[ξ,Yj]-∑
=
εε
n
1j,i
ji ωj(Wi)[ϕYi,Yj]-∑
<
=
εε
n
ji
1j,i
ji ωj(ϕWi)ϕ[ϕYi,Yj]+ 
∑
>
=
εε
n
ji
1j,i
ji ωi(ϕWj)ϕ[ϕYi,Yj]+∑
<
=
εε
n
ji
1j,i
ji {ωi(Zj)-ωj(ϕWi)}[Yi,Yj]∈Span(X,Z). 
Example 
 Let on Rν2n+1 with the coordinates (x1,...,xn,y1,...,yn,z) the usual contact 
structure defined by: 
(25)     η=dz-∑
=
n
1i
iidxy  
(26)           ξ=
z∂
∂
 
(27)          ϕ=










−
0y0
00I
0I0
t
 
where yt=(y1,...,yn) and I the identity. 
 The contact distribution D is generated by 
n,...,1i
i
ii
z
y
x
,
y
=





∂
∂
+
∂
∂
∂
∂
. 
 The compatible metric is: 
(28)  g= ( ) 2n
1i
2i
i
n
1i
ii
n
1j,i
jiji
iji dzdydzdxy2dxdx)yy( +ε+−+δε ∑∑∑
===
 
Let 
(29)    X=
z
c
y
b
x
a
n
1i
ii
n
1i
ii ∂
∂
+
∂
∂
+
∂
∂
∑∑
==
 
(30)    Z=
z
f
y
e
x
d
n
1i
ii
n
1i
ii ∂
∂
+
∂
∂
+
∂
∂
∑∑
==
 
where ai,bi,c,di,ei,f∈F  (M). 
 We have: ωi=εidyi ∀i=1,...,n. It is easy to see that: 
(6.31) ωi(X)=εibi, ωi(ϕX)=-εiai, ωi(Z)=εiei, ωi(ϕZ)=-εidi, η(X)=c-∑
=
n
1i
i
i ya , 
η(Z)=f-∑
=
n
1i
i
i yd  
 From (20)-(22) we have: 
(32)        Zj= 





∂
∂
−+
∂
∂
−+
∂
∂
−ε ∑∑
== z
)fbce(
y
)beeb(
x
)bdea( jj
n
1i
ijiji
n
1i
ijijij  
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(33)        Wj= 





∂
∂
−+
∂
∂
−+
∂
∂
−ε ∑∑
== z
)cdfa(
y
)dbae(
x
)daad( jj
n
1i
ijiji
n
1i
ijijij  
(34)  
z
)facd(
y
y)eadb()fbce(
x
y)dada()facd(T
n
1i
ii
n
1i
i
n
1j
j
ijjiii
n
1i
i
n
1j
j
ijjiii
∂
∂
−
+
∂
∂






−+−+
∂
∂






−+−=
∑
∑ ∑∑ ∑
=
= == =
 
 For a field U=
z
U
y
U
x
U 1n2
n
1i
i
in
n
1i
i
i
∂
∂
+
∂
∂
+
∂
∂ +
=
+
=
∑∑  we have 
div U=
z
U
y
U
x
U 1n2n
1i
i
inn
1i
i
i
∂
∂
+
∂
∂
+
∂
∂ +
=
+
=
∑∑  
 therefore: 
(35) div Zj= 





∂
−∂
+
∂
−∂
+
∂
−∂
ε ∑∑
== z
)fbce(
y
)beeb(
x
)bdea( jjn
1i
i
jiji
n
1i
i
jiji
j  
(36) div Wj= 





∂
−∂
+
∂
−∂
+
∂
−∂
ε ∑∑
== z
)cdfa(
y
)dbae(
x
)daad( jjn
1i
i
jiji
n
1i
i
jiji
j  
∑∑ ∑
∑ ∑
== =
= =
∂
−∂
+





−+
∂
−∂
+
∂
−∂
+





∂
−∂
+
∂
−∂
=
n
1i
iii
n
1i
n
1j
iiii
j
i
ijji
i
ii
n
1i
n
1j
j
i
ijji
i
ii
y
z
)facd()eadb(y
y
)eadb(
y
)fbce(
y
x
)dada(
x
)facd(T div )37.6(
 
(38) ωj(Wj)=ajej-bjdj 
The condition of integrability is: 
(39) ∑∑∑
===
ϕε−ε+ξ





−ω+ε
n
1j
jjj
n
1j
jjj
n
1j
jjj Y) Wdiv(Y) Zdiv(T div)W()12( ∈Span(X,Z) 
and with (35)-(38) becomes: 
)Z,X(Span
zy
)fb(ce
x
)cd(fa)dbae)(1(2     
yz
)fb(ce
y
)bee(b
x
)bde(a
           
xz
)cd(fa
y
)dbe(a
x
)dad(a
- )40.6(
n
1j
j
jjn
1j
j
jjn
1j
jjjjj
n
1j
j
jj
n
1i
i
jiji
n
1i
i
jiji
n
1j
j
jj
n
1i
i
jiij
n
1i
i
jiij
∈
∂
∂






∂
−∂
−
∂
−∂
+−+ε
+
∂
∂






∂
−∂
+
∂
−∂
+
∂
−∂
+
∂
∂






∂
−∂
+
∂
−∂
+
∂
−∂
∑∑∑
∑ ∑∑
∑ ∑∑
===
= ==
= ==
 
 The conditions that g(X,X)=0, g(Z,Z)≠0, g(X,Z)=0 become: 
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(41) 









=+ε+





−





−
≠ε+ε+





−
=ε+ε+





−
∑∑∑
∑∑∑
∑∑∑
===
===
===
0)ebda(fydcya
0edfyd
0bacya
n
1i
iiiii
n
1j
j
j
n
1i
i
i
n
1i
2
ii
n
1i
2
ii
2
n
1i
i
i
n
1i
2
ii
n
1i
2
ii
2
n
1i
i
i
 
 From (40) we have: 
2
y
)fb(ce
x
)cd(fa)dbae)(1(2fc
z
)fb(ce
y
)bee(b
x
)bde(a
eb
z
)cd(fa
y
)dbe(a
x
)dad(a
da
 rank
n
1p
p
pp
n
1p
p
pp
n
1p
ppppp
kk
n
1i
i
kiki
n
1i
i
kiki
kk
jj
n
1i
i
jiij
n
1i
i
jiij
jj
=


























∂
−∂
−
∂
−∂
+−+ε






∂
−∂
+
∂
−∂
+
∂
−∂






∂
−∂
+
∂
−∂
+
∂
−∂
−
∑∑∑
∑∑
∑∑
===
==
==
 
where j, k=1,...,n. 
 
 We have now: 
0
y
)fb(ce
x
)cd(fa)dbae)(1(2fc
z
)fb(ce
y
)bee(b
x
)bde(a
eb
z
)cd(fa
y
)dbe(a
x
)dad(a
da
n
1p
p
pp
n
1p
p
pp
n
1p
ppppp
kk
n
1i
i
kiki
n
1i
i
kiki
kk
jjn
1i
i
jiijn
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i
jiij
jj
=






∂
−∂
−
∂
−∂
+−+ε






∂
−∂
+
∂
−∂
+
∂
−∂






∂
−∂
+
∂
−∂
+
∂
−∂
−
∑∑∑
∑∑
∑∑
===
==
==
 
therefore: 
0)dbea(
y
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x
)cd(fa)dbae)(1(2
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z
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z
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∑∑
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−∂
−
−
∂
−∂
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−∂
−+
∂
−∂
−
∑
∑∑
∑
∑
∑∑
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From (38) we have: 
(39)   0)cebf(
z
cebf
afcd
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x
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From (39), (40) we have: 
(41) 
ay)cay(
cay
cebf
aebd
11
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−−
−
=
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−
 
(42) 
cay
1
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1
−
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−
 
(43) 
ay)cay(
1
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−
=
−
−
 
 If we replace (41)-(43) in (39) we have: 
(44) 0ca
z
a
y
a
c
y
c
a
x
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z
c
x
a)y(a
z
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111
1
1
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
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∂
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∂
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∂
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∂
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∂
∂
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∂
∂
 
 If we note A=ay1-c we have: 
(45) 0
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a
z
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y
A
a
y
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x
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
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∂
∂
−
∂
∂
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−
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∂
−
∂
∂
+
∂
∂
 
 We have. 
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∂
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∂
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∂
∑∑ ∑∑ ∑
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